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We demonstrate optical energy localization of a topologically protected unidirectional mode in-
side a cavity. The structure is reciprocal and requires no external magnetic field. The energy is
localized in a subwavelength zero-dimensional mode. We use the coupled mode theory to analyze
the interaction between the topological waveguide mode and the cavity mode. The analytic model
matches perfectly with the results from first-principles simulations. Our design offers a new way
of building resonate cavities by exploiting the unidirectionality of topological nontrivial photonic
modes.
Photonic topological insulators (PTIs) have been a in-
creasingly promising field for the past decade, because
they share the fundamentally interesting properties with
their condensed matter counterparts [1–6] and have po-
tential value in optical communication applications [7–
14]. One of the key features of PTIs is that they sup-
port robust unidirectional light propagations which are
immune to the defects that preserve the corresponding
topological invariant; whereas, in conventional waveg-
uides, back-reflection is usually responsible for undesired
loss. [15] This advantage of PTIs naturally motivates the
design of a topologically nontrivial waveguide-cavity sys-
tem — the resonance time of light inside cavity can be
largely increased, because the topological waveguide sup-
presses back-propagation from the cavity. Approaching
such long time optical storage is theoretically and tech-
nologically interesting. [15, 16]
Recent proposal demonstrates that a heterostructure
of a gyroelectric semiconductor and a dielectric slab with
metallic covering can significantly localize energy. [16]
The two components of the heterostructure can be viewed
as two media with different Chern numbers and the
device can be understood as a topologically nontrivial
waveguide carrying a unidirectional surface magnetoplas-
mon mode. [17] However, in order to attain a non-zero
Chern number, this device requires an external magnetic
field to break the time-reversal symmetry. The device is
hence non-reciprocal. [18, 19] On the other hand, light
guided through a conventional waveguide into a recipro-
cal ring resonator can also be stored during the resonance
time. [20–22] Though the footprint of such resonators is
usually several hundreds times the operating wavelength.
In this Letter, we propose a reciprocal, topologically non-
trivial waveguide-cavity design that requires no external
magnetic field. The topological unidirectional propaga-
tion is protected by the crystalline symmetry that pre-
serves the valley degree of freedom. The energy is concen-
trated inside a subwavelength ”zero-dimensional” cavity
mode.
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FIG. 1. (a) The waveguide-cavity platform based on a VPC.
(b) Top view of the lattice unit cell. l = 0.116a0, w = 0.06a0,
d = 0.2a0. (c) Side view of the lattice unit cell. g = 0.03a0,
h = 0.94a0. The separation between the two plates, h0 =
h + 2g = a0, where a0 is the lattice constant. All the gray
regions represent PEC.
We demonstrate optical energy localization at a cav-
ity based on a photonic crystal emulating the quantum
valley Hall effect. The cavity is at the junction between
a waveguide that supports topologically protected chi-
ral kink states (CKSs) and a zigzag termination [23, 24]
formed by perfect electric conductor (PEC). The waveg-
uide is the interface between two valley photonic crys-
tals (VPCs) associated with opposite valley-Chern num-
bers. [13, 25, 26] (Fig. 1 (a)) Because the structure has
mirror symmetry about the z = h0
2
plane, the electric
field profiles are either even or odd with respect to re-
flections about that mirror symmetric plane. We refer
to the even and odd modes as TE- and TM- polarized,
respectively. [27] Because the TE and TM modes are in-
dependent and for clearance, we focus on TE-polarization
infra. For TM-polarization, the same phenomenon of in-
terest also exists. (see Supplemental Material)
As a valley-protected CKS propagates along the topo-
logically nontrivial waveguide and encounters the PEC, it
may leak out of the structure through two types of surface
modes, related to downwards and upwards propagation.
(Fig. 2) However, the dispersion relations of the surface
states along the PEC do not span the entire spectrum of
the valley CKS — there exists a no-surface-mode (NSM)
2FIG. 2. (a) band diagram of the TE-polarized CKS and
the TE-polarized SMs along the VPC/PEC interface (b) z-
directional magnetic field profile of the type a TE-polarized
SM. Type a is related to downwards propagation along the
VPC/PEC interface. (c) z-directional magnetic field profile
of the type b TE-polarized SM. Type b is related to upwards
propagation along the VPC/PEC interface.
FIG. 3. Energy from a excited unidirectional CKS concen-
trates at the cavity. ωa0
2pic
= 0.75
band gap related to no energy loss. (Fig. 2 (a)) Therefore,
when a TE polarized CKS operated in this band gap hits
the PEC boundary, it will be isolated at the spot which
can be viewed as a zero-dimensional cavity. (Fig. 3) Such
isolation brings up phenomena with scientific novelty as
well as potential empirical applications.
Because the structure is linear, lossless, and time-
invariant, this system is reciprocal and time-reversal
symmetric. [16, 18] The topologically nontrivial waveg-
uide only supports two unidirectional CKSs associated
with two opposite valley-indices, which are time-reversal-
conjugates of each other. Therefore, the only way that
energy can leave the cavity is through a time-reversal-
conjugate process of the input CKS. This requires a flip
of the mode’s valley index. Once the mode’s valley in-
dex is flipped, it couples to the time-reversal-conjugate of
the input CKS and leaves the cavity immediately. So, the
rate of valley-flipping is the decay rate from the cavity.
In electronic [28, 29], phononic [30, 31], and photonic
systems [13, 25], the rate of valley-flipping depends on
the types of terminations. The zigzag termination sig-
nificantly suppresses intervalley scatterings [25, 28] (also
see Supplemental Material), minimizing the probability
FIG. 4. (a) the topologically nontrivial waveguide with both
ends terminated by PEC (b) The one-port-two-cavity model
of such valley-flips and confining energy in the cavity. To
the opposite, armchair termination does not conserve the
valley DOF, so energy will not be confined in the cavity.
Consequently, when a topologically protected CKS with
frequency inside the NSM band gap is excited towards
a zigzag PEC boundary, energy is trapped in the cavity
for a time delay. When the PEC boundary is armchair,
energy is trapped for a negligible time and reflects almost
immediately.
Starting from this qualitative understanding, we begin
to analytically study the system and solve for the de-
lay time, for the two different types of terminations. We
consider a system with stronger symmetry, a topologi-
cally nontrivial waveguide with both ends terminated by
zigzag or armchair PEC terminations (Fig. 4, only zigzag
termination is shown). The two terminations are mirror
images of each other, forming two geometrically identi-
cal cavities. We use the temporal coupled mode theory
(CMT) [32, 33] to analyze the behavior of this one-port-
two-cavity system within the NSM band gap.
The dynamics of a one-port-two-cavity system (Fig. 4
(b)) can be described by,
dA
dt
= −(iω0 + γ)A+Kas+a
dB
dt
= −(iω0 + γ)B +Kbs+b
(1)
s−a = Cas
+
a +DaA
s−b = Cbs
+
b +DbB
(2)
The subscript represents cavity a or b. A and B are
the resonance amplitudes inside the two cavities. The
two cavities are both single-mode cavities within the nar-
row NSM band gap, so A and B are both scalar quanti-
ties. Ka,b are the coupling coefficients from the incoming
waves, to cavity a or b. s+a and s
+
b are the incoming
waves to cavity a and b, respectively. Since the system
has only one port, s+a and s
+
b are both scalars. Then Ka,b
are both scalars too. In addition, the two cavities share
the same eigen-frequency ω0 and the same decay rate γ,
because they are mirror images of each other. s−a and s
−
b
are the outgoing waves from cavity a and b. The outgo-
ing wave from cavity b is the incoming wave to cavity a,
plus a phase delay due to the length of the waveguide: sa
and sb are linked by s
+
a = e
iαs−b and s
+
b = e
iαs−a , where
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FIG. 5. The ratio between the energy stored in the
two cavities and the energy in the waveguide
Ucavity
Uwaveguide
∝
|A1|
2+|A2|
2
(|S+
1
|2+|S−
1
|2)L/|vg|
. L = 12a0 and the group velocity of the
CKS, |vg | = 0.3968c. (a) for symmetric modes; (b) for anti-
symmetric modes. Only the solutions with frequencies in
[ω0 −
∆ω
2
, ω0 +
∆ω
2
] are plotted, where ω0a0
2pic
= 0.7507 at the
center of the NSM band gap and ∆ωa0
2pic
= 0.0132 spanning the
NSM band gap width.
α = −2piL mod λ
λ
. The negative sign is due to negative
group velocity. Da,b are coupling coefficients and Ca,b
are the scattering coefficients. D and C are both scalars.
Due to the lossless and time-reversal symmetric nature of
this one-port-two-cavity system, the coupling coefficients
and scattering coefficient satisfy D†D = 2γ, K = D, and
CD∗ = −D. [27, 32, 33] Because the two cavities share
the same ω0 and γ, Da = Db = Ka = Kb =
√
2γ and
Ca = Cb = −1.
We solve for the eigen-solution to this dynamical sys-
tem. Bounded by the fact that the two cavities are mirror
images of each other, the eigen-modes can only be either
symmetric or anti-symmetric (see Supplemental Mate-
rial), with frequencies ωsy and ωan, respectively. ωsy and
ωan satisfy,
ωsy = ω0 − γ tanα/2
ωan = ω0 + γ cotα/2
(3)
We are only interested in the solutions that satisfy
ωsy,an ≈ ω0. Specifically, both ωsy and ωan must
be within the NSM band gap where the SMs at the
QVH/PEC surface is completely forbidden. When the
solution of ωsy,an is deviated out of the NSM band gap,
the model is no longer valid because, first, if a SM exists,
the CKS would couple to that SM and leave the struc-
ture along the PEC surface. Then the system is no longer
lossless. The loss through SM can be considered as an
intrinsic loss that drains energy from the cavity and out
of the system. Furthermore, if the solution of ωsy,an is
at a frequency where no CKS exists (
ωsy,ana0
2pic
≤ 0.7185 or
ωsy,ana0
2pic
≥ 0.7714), then the interface between two VPCs
no longer functions as a topologically nontrivial waveg-
uide. Overall, since the valley-dependent cavities operate
only in the NSM band gap, the frequencies in the follow-
ing discussions are set to be in that band gap.
The key feature of the symmetric and anti-symmetric
modes is that the energy distribution between the cavity
FIG. 6. Examples of the time-averaged energy distributions
of the eigenmodes. (a) With zigzag terminations, energy is
mostly localized in the two cavities. (b) With armchair ter-
minations, energy is distributed in the waveguide. Horizontal
length is L = 13a0 for both cases.
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FIG. 7. Symmetric and anti-symmetric eigenmodes data of
the platform with (a) zigzag terminations and (b) armchair
terminations. The simulation data (dots) from COMSOL
Multiphysics follow tangent/cotangent relations, consistent
with the analytic results (lines) from the coupled mode theory.
and the channel significantly depends the decay rate γ
— For symmetric modes, |S+1
A1
|2 = |S−1
A1
|2 = 1
4
(sec α
2
)2;
for anti-symmetric modes, |S
+
1
A1
|2 = |S
−
1
A1
|2 = 1
4
(csc α
2
)2.
As the frequency is limited within the NSM band gap,
the choices of parameters α and γ are also limited. Not
all combinations of α and γ are attainable. Fig. 5 are
showing the attainable combinations of α and γ that give
ωsy,an within the NSM band gap. Overall, energy is more
localized in the cavities when the decay rate γ is smaller.
As concluded previously, the decay rate from the cav-
ity is the rate of valley-flipping at the PEC boundary,
which strongly depends on the type — zigzag PEC ter-
mination suppresses inter-valley scattering, resulting in
a small valley-flip rate, while armchair PEC termination
results in a large rate. Therefore, we expect that energy
is mostly localized in the cavities with zigzag termina-
tions; whereas, with armchair terminations, the energy
is mostly stored in the waveguide. To confirm this, we
perform finite-element-method simulations of the eigen-
modes inside the two types of platforms. Indeed, the
result is as expected. (Fig. 6)
With the coupled mode equations correctly capturing
the difference in energy distributions at zigzag and arm-
chair terminations, we proceed to collect more data by
varying the phase delay α and calculate the decay rate
γ. We increment the number of unit cells along the hor-
4izontal direction from 6 to 21, by 1 at each time. For
each configuration, we record the frequency of the sym-
metric and anti-symmetric eigen-modes, ωsy,an, and cal-
culate the delay γ by fitting data into Equ. 3. (Fig. 7)
With zigzag termination, γa0/c = 5.634 × 10−3 while,
with armchair termination, γa0/c = 5.257 × 10−2. The
numerical results further confirms our previous qualita-
tive understanding that stronger energy localization at
the two cavities results from a smaller decay rate γ.
In conclusion, we have designed an optical cavity that
utilizes the topologically protected unidirectional trans-
mission property of the valley Hall PTI to achieve en-
ergy localization. The device is reciprocal and requires
no external magnetic field. We present a concise coupled
mode theory model to unfold the coupling of the topo-
logical CKS into the cavity, and the model fits precisely
with numerical simulations.
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